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Abstract: In this note, we consider so-called “Higgs Branch Localization” for four dimensional 
M = 2 field theories on 4d ellipsoid. We find a new sef of saddle poinf equafions arising from addi- 
fional Higgs branch deformalion term, whose solufions include bofh Higgs branch and BPS insfanfon- 
vorfex mixed configuralions. By evaluating fhe confour integral, we also demonsfrafe fhe ellipsoid par- 
fifion almosf faclorizes info purely b and b~^ dependenf parts, using SQCD as an explicif example. We 
identify various facforized parfs wifh fhe ellipsoid partition funclion of fwo dimensional M = (2, 2) 
SQCDA, which is precisely fhe vortex world volume fheory. We also give physical inferprelafion for 
fhe non-faclorizable parfs and discuss fufure direcfions. 
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1 Introduction 

Beginning with a supersymmetric field theory T in flat space and putting it on a curved manifold 
M., the standard supersymmetric localization principle states we need to construct certain fermionic 
supercharge Q consisting typically of global symmetry, e. g. i2-symmetry and isometry of M., 
the supersymmetry transformations on M. are then parameterized by the spinors satisfying the Killing 
equations with background fluxes turned on. We can next construct Q-closed functional S and deform 
it by a Q-exact functional satisfying Q^V = 0, i. e. 5 —)• 5 + tQV, as we set the deformation 
parameter t —+oo, the partition function Zm localizes along the saddle point loci QV = 0. The 
choice of deformation functional QV can be somewhat arbitrary, other than the obvious requirement 
of positive semi-definiteness and existence of SUSY-preserving saddle point loci, one can further 
deform QV to Q[V + AV] while leaving Zj^ invariant, as it is only sensitive to the deformations 
in Q-cohomology. However the new deformation can lead to new distinct saddle point loci, some 
correspond to different regions in the moduli space of T, often they can also be regarded as the 
defining equations of BPS soli tons defined on some sub-manifold C C A4. This gives rise to the 
factorization properties of Zji 4 first noticed in [1] for A4 being 3d ellipsoid (see also [4]), and later 
realized in [2], [3] for Ai = that this can be understood as the consequence of so-called “Higgs 
branch” localization. The essence is that we add to the usual Coulomb branch deformation Vcouiomb 
another deformation functional VHiggs^ such that the new saddle point loci now include part of Higgs 
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branch and non-trivial gauge configurations, which are curved space analogue of dynamical vortices 
on M.. Higgs branch localization has been applied to supersymmetric gauge theories on 5^ x 5^ and 
3d ellipsoid [6], [7] and x [5]. In this note, we would like to initiate Higgs branch localization 
of four dimensional M = 2 supersymmetric field theory or “Seiberg-Witten theory” on S ^2 ^ , whose 
partition function has been computed in a beautiful work [8] using the more common Coulomb branch 
localization, however it remains well-motivated to perform such a task for the following reasons. 

First, in contrast with the localization on other manifolds, even before adding VHiggs, Coulomb 
branch localization on 5^ or S ^2 already involves singular gauge configurations, i. e. instantons and 
anti-instantons [8], [9]. The addition of Vniggs modifies these into non-trivial vortex-instanton mixed 
configurations as shown in Section 2, and the integrated partition function predicts the equivariant 
volume of their yet to be studied moduli space. Second, as we will show explicitly in Section 3 using 
4d M = 2 SQCD as an example, its partition function on S ^2 despite containing both perturbative 
and non-perturbative contributions, again exhibits almost factorizable structures after explicit contour 
integration (See equation (3.10)). The factorized parts can be identified with the (or parti¬ 
tion function of 2d AA = (2, 2) SQCD plus an adjoint chiral multiplet (denoted “SQCDA”), which is 
precisely the world volume theory of dynamical vortices. This is in similar spirit of “bootstrapping 
superconformal indices” [10], [11], where the residues of a pole in fugacity for certain gauge/global 
symmetry can be interpreted as the index without this symmetry but with additional co-dimension 
two defects, here we extend this to 2^4^ which contains additional non-perturbative instanton contri¬ 
butions, it would be interesting to replace the step of evaluating residue by the action of certain shift 
operator. Finally, it is well-known that the partition function of AA = 2 SCFTs on or S ^2 plays 
the pivotal role in the conjecture of [12], and the co-dimension two surface defects which include IR 
limit of the dynamical vortices studied here, are a class of interesting observables labeled by different 
representations of the global symmetry group. The current setup enables us to construct other variety 
of 2d surface defects from the Higgs branch localization of appropriate 4d gauge theories. 

This notes is organized as follows. In Section 2, we consider the Higgs branch localization of 
Af = 2 supersymmetric field theories on 4d ellipsoid S^ 2 , and derive the new set of saddle point 
equations. In Section 3, we explicitly evaluate the contour integral of Zg4 for 4d AA = 2 SQCD, 
demonstrate its almost factorizability from the residues and identify various components with the 
contributions from the new saddle points solutions. In Section 4, we compute the partition function 
for 2d AA = (2,2) SQCDA which is the vortex world volume theory, and match it precisely with the 
suitable components from 4d residues. We leave some technical details in Appendices A and B. 

Note Added: We are grateful to the authors of [33], whose recent publication and communication 
with us help us to correct the mistakes and clarify the confusion in our previous version. 

*We will made precise our definition of deformation parameter in next section. 
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2 Higgs Branch Localization on S ^2 

2.1 Derivation of new saddle point equations 

The four dimensional ellipsoid S ^2 can be described by its embedding equation: 

„2 2 I 2 2 I 2 

^ ^ Xg + X4 ^ ^ ^2.1) 

r2 II p 

where 6 ^ = | is defined to be the deformation parameter. This manifold possess U{l)xU{l) isometry 
rotating (x^, x^) and (x^, x^) planes with the angular coordinates denoted by {ip, x)> its Killing vector 
is given by: 

v"^dm = \d^ + y9x- (2-2) 

The fixed points of [/(I) x 17(1) rotation are located at xq = ir, which correspond to north and south 
poles of S^ 2 , while in the 6 ^ —)• 0 or b~‘^ —)• 0 limit, only p or x rotation manifests. We can explicitly 
satisfy the embedding equation ( 2 . 1 ) by the following embedding coordinates and their associated 
vielbein one forms: 


Xo 

Xi 

X2 

3^3 

X4 


r cos p, 

I sin p cos 6 cos p, 
I sin p cos 0 sin (p, 

I sin p sin 0 cos X, 
I sin p sin 0 sin X, 


= E^dx"^, 

= I sin p cos 9dp, 
E"^ = I sin p sin 9dx, 
E^ = f sin pd9 + hdp, 
E‘^ = gdp, 


where we also defined the following combinations of coordinates: 


f{9) = \lE sin^ 9 + P cos^ 9, p( 0 , p) = y sin^ p +cos^ p, h{9,p) 

In terms of (2.3) the the north or south pole of 5^2 respectively corresponds to p 
each of these two points say xq — r, the remaining coordinates become: 


cos p sin 9 cos 9. 
(2.3) 

0 or p = TT, near 


xi ~ lpcos0cos(p, X 2 — Ipcos^sinp, X 3 ~ Ipsin^cosx, X 4 ~ Ipsin^sinx, (2.4) 

which are precisely the rescaled polar coordinates of for Z / 1. It was demonstrated in [ 8 ] that the 
Killing spinor hence the supercharges on 5^2 reduce in this further limit to those for four dimensional 
Q-background [14] [15], it is therefore natural to identify the fl-deformation parameters in this limit 
as: ei = 7, 62 = 7. While 6 ^ — )• 0 or 5“^ — )■ 0 now becomes the limit taken in [16] when we consider 
the quantization of integrable systems using exact gauge theory partition functions. Moreover when 
9 = 0 {or 9 = |), the non-vanishing (xq, xi, X2) and their vielbeins (or (xq, X3, X4)) reduce to those 
for a deformed where its deformation parameter is 6 = ^ (or ^ = ^), we therefore denote it as 
(or As demonstrated in [18], co-dimension two BPS surface defects can wrap on these two 

deformed two spheres, the north and south poles of and precisely coincide with those of S ^2 
hence each other, this simple fact has interesting consequence when identifying the non-perturbative 
4d instantons and 2d world sheet instantons later. 
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Let us next consider putting on S ^2 a class of field theories with M = 2 supersymmetry on 
the supersymmetry transformations on various field contents are characterized by a pair of SU{2)ii 
doublet chiral and anti-chiral Killing spinors ^ = {^aA, satisfying the equations: 

DmU = dmU + = -{T^^akiam + amS^'aki)^ (2.5) 

D^U = dmU + = -{f^^akiam + arnS^'aki)U, ( 2 . 6 ) 

where A = 1,2 is the SU{2)r index, and we have contracted a^a = 1,2 which are respectively 
chiral spinorial and anti-chiral spinorial indices^, and the non-vanishing components of the spinor 
connections Here we have also introduced following auxiliary background fields: and Tki 

are rank two space-time tensors, and {Vm)^A background gauge fields for SU (2 )r symmetry, all 
of them vanish in the round limit r = I = I {{. q. I? = 1). While the anti-symmetric tensors 
and can be regarded as arising from the curvature coupling with the fermions. We summarize the 
explicit expressions for Tki , Tki, Ski, Ski in the appendix B. In addition, for supersymmetry algebra to 
close off-shell, (^^ 4 , ^a) also need to satisfy the following auxiliary equations : 

+ ^TmuCr^^o^U = MU, (2.7) 

a^a'^DmDnU + ADif^n^^'a^U = ( 2 . 8 ) 

where M is a background scalar field relating to the curvature of S ^2 ■ The origin of these auxiliary 
fields Tmn, Tmn, Vm and M can be traced back to the supergravity multiplets when we couple the 
field theories on to off-shell supergravity. The important insight in [8] was that we can consider 
the Killing spinors for round 5^: 

1 . p f ^ p f U^x+v-S) _Q-^ix+‘f+9)\ 

Ua = 2 2 [-eUx+v+9) ^-i(x+^-e) ) ’ = 2 2 \-ei^x+v+e) ) ' 

(2.9) 

These spinors can remain the solutions to (2.5), (2.6), (2.7) and (2.8), provided the aforementioned 
auxiliary fields take appropriate forms and they were solved explicitly in [8], we summarize them 
in the appendix B. Moreover it is necessary for the Killing spinors to satisfy the following reality 
condition: 

(CaA)^ = {^ a )^ = (2-10) 

where and eab are the anti-symmetric SU{2)r invariant tensors. Notice that we can now use 
Ha, U) to express the Killing vector of S ^2 as u™ = 2U^'^U, and they are annihilated by Q^, i. 
0 . = Q‘^U = 0 where Q is the supercharge used for the localization computation. We can now 

parameterize the supersymmetry transformations of vector and hyper multiplets in terms of (^^, U), 
also construct the supersymmetric invariant Lagrangians, these are summarized in Appendix B. 

^Our index notations and contraction conventions are summarized in the beginning of Appendix A. 
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Focusing on the Higgs branch localization on S^ 2 , first we should note that for a given deformation 
term QV, among all of its saddle point loci, the only non-vanishing contributions to the path integral 
come from the ones which coincide with the supersymmetric field configurations specified by: 

= 0, for all fermions'I'. (2.11) 


This naturally leads us to add to the supersymmetric Lagrangian, an additional manifestly positive 
semi-definite deformation term constructed from the vector multiplet [8] : 


X — Tr 

-^vec. — 


(QAaA)^(QA„A) + (Qn)t(Qn) 


( 2 . 12 ) 


Here (Aq-^^, A'^) are a pair of chiral and anti-chiral gauginos transforming in the adjoint representation 
of the gauge group and their supersymmetric transformations are given in (B.ll) and (B.12), the trace 
here is taken over gauge indices. For our later purpose, we can explicitly express (2.12) into the 
following component form: 


'7' I • ‘2 P rp 

Ivec. I Bose = Sm -Tr 

-f cos^ ^Tr 


(W-nf - ^{DaB - (0 + cj>)wAB){D^^ - (0 + 


1 


AB 


,.AB\ 


- ^{DaB - (0 + cj^)wAB){D^^ - (0 + 


1 


AB 


..AB\ 


+ Tr 


+ </>)fA™'((/)-|-(/)) -|-4[</>, (/)] -|- 


2 , yV'^Dmi4>- (j))y 


4 sin^ ^ cos^ ^ 


(2.13) 


where SU (2)/j tensor is given in (B.18), we have also rewritten I^ec. in slightly different form 
from [8] and defined: 


W-rr = F-^ - - mmn + Smn) + (2.14) 

sm I 

W+n = FL - - ^)iTmn + Smn) + ' (^.15) 

C/Oo 2 

Nofice fhaf fhe deformafion ferm for fhe vecfor mulfiplef is manifeslly positive semi-definife wifh 
respecf fo fhe realify conditions given in (B.15) and (B.16). 

Now fo perform Higgs branch localizafion we can add fo Ivec. anofher Q-exacf deformafion ferm 
given by: 


2:Higgs = 2QTr [{XaA)^H^A + {X"a)^H^a 

Here HaA and are: 

H^A = iH{(f),q){T^)£^i3A, H'^a = 
iTg = f(cos0ri -|- sin 0 r 2 ) = (cos0ct4i -|- sm0a42)a — — (cos0d'4i -|- sin 00 - 42 )' 




(2.16) 


(2.17) 

(2.18) 
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and H{(j), q) is a hermitian functional satisfying q) = q)^, which can contain the scalar 

fields in both vector multiplet (j) and hypermultiplet qA, also Fl-parameter Also notice that 
Tg oc v'^cTm such that it can be directly constructed from the Killing spinors and preserve the isometry 
of 5^2 ■ To find the saddle point loci of the combined (2.12) and (2.16), we first expand out the bosonic 
parts of (2.16) into: 

Tffiggs iBose = Sin^ ^Tr [H{q, (f) { 2 (cos 6»(JF23 - ^-^4) + sin6'(JTi3 - 7^24)) + i{D^^ - (^ + 4 ’)w'^^){ti)ab)]] 
+ cos^ ^Tr [H{q,(t)) {2(cos6»(JT23 + JT44) + sin6'(j'i3 + ^2^)) + i{D^^ - {(j) + ^)w'^^){ti)ab)]] 
+ 4 sin ^ cos ^Tr[Z)4((^ - </))]. ( 2 . 19 ) 

where mn — Fmn 4((/> -|- Smn)t -T "mn — F^mn 4((/> <?i)(Tmn T S-mri) cind T 4 is 

Pauli matrix. We notice that the combined deformations I^ec. + Tniggs is no longer positive semi- 
definite with respect to the previous reality conditions in [8], instead we need to further relax the 
reality condition for the auxiliary field {Dab)^ = given in (B.16), and deform the integration 

contour so that D 12 = D 21 components can now also pick up imaginary values, the resultant D-term 
constraint becomes: 

Dab = {(t) + ^)wAB + 'iH{q,(l)){Ti)AB- (2.20) 

Now we can readily write the components and complete the squares with the field strength terms into: 


Tvec. T Tniggs I Bose 

= sin^ ^Tr [{H{q, cp) - cos 0(^32 - F41) - sin 0(^31 - ^42))^] 

+ sin 2 ^ [(sin0(F32 - F 41 ) - cos0(F3i - ^ 42 ))' + (F 12 - ^ 34 )'] 

+ cos^ ^Tr [{H{q,(j)) - cos 0(^32 -^^41) - sin 0(^31 +^42))^] 

+ cos^ ^Tr [(sin 0(^32 -f F41) - cos 0(^31 + ^42))^ + (2^12 + -^34)^] 

—TT[Dm{ 4 > + ^)D"^{(j) + 0) — 4 [(/>, (^]^] + ((/) — 0) dependent terms. (2.21) 

Here we have collected and abbreviated the remaining terms which vanish identically when {(p — ^) = 
0 , as we expect non-trivial gauge configurations arising from the saddle point solutions would still 
need to obey this Coulomb branch-like condition. 

Clearly we have hypermultiplets here and we also need to include the deformation terms for them 

to ensure saddle point solutions coincide with their supersymmetric loci, a natural choice is given by 

3 

Xhyp. = jTr[(QV>„|)^(QV^,/) + (Q^“)t(Qr-)] (2.22) 

^An alternative choice of deformation was given in [8], where the authors simply noticed that the hypermultiplet action 
is also Q-exact, i. e. however it can share the same saddle point loci as (2.22). 
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where Q'lp^f, QV'” supersymmetric variations of the fermions in hypermultiplets given explicitly 
in (B.20) and (B.21). The corresponding saddle point equations are then given by: 

= 2ia^U)Dnq^^ - + 2 cot = 0, (2.23) 


= 2{a^U)Dnq^' - + i{<P + - 2 tan = 0. (2.24) 

where the covariant derivative D^q^^ is defined in (B.26). Here we have also included the complex 
mass parameters {n,Jl). It is important to note that q^^ also couples to non-vanishing background 
SU{2)r gauge field Vn- Here we can also work ouf fhe explicif bosonic componenf form of X^yp, ^ : 

1 


Xhyp, I Bose — Tr 

+ -Tr 
2 


- f sin ^ cos ^[((/> + ^) - (0 + + q^^Fj^) 


D^q^^DmqiA + Mq^'q^ " Dn]q^^ + D^jq 


-AT 


JAt 


B , JAi 

i 


— 2iTi 

+ 2Tr 


((</> +- (</> + fi)) 


q'^U^^^BDnq^j + Dnq^^U<y"iBq^i + q^^MABq , 


-B 


-lA^ „n} 


JA 


B 


Dnq'^'^ABQ'} - q'^^^AB^nq^j + q^^^E^^Onq 


(2.25) 


where we have defined fhe following quanfifies in fhe expression above: 
.,_{/ + S? + 


Mab = 


4/2^2 -4(,^ + /r)(0 + /i), 

cosp ( {f + g) 


(2.26) 

(2.27) 


2/5 y-fe4x+¥’)/i -{f + g) j' 

^AB = iA^^{Skl<y^^)iB - iA<y'^{Skl^kl)iB, (2.28) 

'^AB = DmU^^^iB + " U^^^D^b • (2.29) 

We can now infegrafe ouf fhe auxiliary field in fhe firs! line of (2.25) fo impose fhe consfraint: 


^iA = -i sin p[{(j) + g)-{(j) + 5)]9/a (^.30) 

and replace fhe dependenf terms with —2 sin^ p[{(j) + p) — {^ + /2)]‘^q^^q^^. Notice that while 
we can in principle compute explicitly the matrices and Eab using (2.5) and (2.6), however it is 
worth noting that each term contains both ^a and ^a and vanish identically at p = 0 and p = it. This 
become useful when we study the possible saddle point solutions. 


2.2 New saddle point solutions 

To solve for the saddle point solutions giving: 

Xvec. T Xfjiggs T Xhyp I Bose — 0 (2.31) 

let us begin by briefly recalling fhe simples! case where q) = 0 identically [8] and we also sef 
p = /f = 0 for fhe time being, fhere can be fwo disfincf classes of solutions: 

"'We would like to stress that while we take ^ to he complex for the time-heing, as we will demonstrate later, to satisfy 
the BPS equation however it is necessary to impose reality condition, as in the case for scalar (j). 
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Coulomb branch-like solutions: These are smooth solutions existing everywhere on S^ 2 , up to 
gauge transformation they are given by: 

An = Fran = 0, (j) = cj) = -iy, Dab = -ia^WAB, = F^^ = 0 (2.32) 

where oq is a constant real valued matrix taking values in the Cartan of the gauge group; wab = wba 
is a rank two symmetric SU (2)^^ tensor defined in terms of the Killing spinors and auxiliary fields, it 
is explicitly given in (B.18). The name “Coulomb branch” here can be attributed to the expectation 
values for the hypermultiplet scalar is set to vanish by the finite curvature of S ^2 which cannot 
be canceled by tuning the vector scalar expectation value cj) = £ —fM. This also implies that 

for the Higgs branch to exist, we need to allow for uq to be complex as we do when performing the 
contour integration, and introduce additional parameters such as complex masses in order to cancel 
the positive curvature, we will see this momentarily. 

Instanton solutions: In addition to the smooth Coulomb branch-like solutions stated in (2.32), at 
North pole p = 0 and South pole p = tt of 5^2 ^ we can have singular gauge configuration which 
are precisely the self-dual Yang-Mills instanton and anti-self-dual instanton solutions, which gives 
the non-perturbative contributions to the partition function. Explicitly we notice that if we allow for 
Fmn / 0, we can still satisfy (2.13) by having Fmn^^^ = 0 at p = 0, i. e. anti-self-dual Yang-Mills 
instanton solution at north pole or Fmn(^^"' = 0 at p = vr i.e. self-dual Yang-Mills instanton solutions 
at south pole. Moreover as mentioned earlier around the North and South poles, the metric reduces to 
that of H-background, one can readily compute the contributions from these additional saddle point 
solutions using the instanton partition functions in [14]. 

Turning on non-trivial real valued functional F[{(j),q), in particular it contains 4D FI parameter 
C G M"'' and for concreteness, we consider for the time being q) = H{q) i. e. independent from 
the vector multiplet scalar and take the following form: 

H{q) = {qiA)UiA - C, (2.33) 

where C, = C,-h sums over the Cartan generators of the gauge group. We will also restore the complex 
mass parameters (p, p) from now on. In the presence of H{q) we will continue to set 0 = (^ = — gOo 
such that [(j), 1 ^]^ and other (</> — dependent terms in (2.21) and (2.25) vanish identically, this is also 
consistent with the condition: 

+ (^) = 0 (2.34) 

provided the resultant non-trivial gauge field Am also take values in the Cartan of gauge group. For 
the remaining terms in Ivec. + ^^Higgs | Bosonic (2.21) to also vanish globally however, along with the 
D-term constraint (2.20), we need to impose on the gauge fields: 

{F32 +F41) = cos 9H{q), (F31-h F42) = sin6»Tf(g), (F12-h T34) = 0, (2.35) 

(F32 - F41) = cos 9H{q), (F31 - F42) = sin6»Tf(g), (F12 - ^^34) = 0. (2.36) 

We can now classify the solutions to (2.31) based on the possible solutions for X^yp. Ibosc (2.25) to 
vanish. 


Deformed Coulomb solutions: The simplest solution to X^yp. = 0 is to simply to set qj^ = 0, for 
(2.36) and (2.35) to vanish we need to have ^ : 


Fu = X 34 = F 41 = F 42 = 0, Fi 3 = C sin 9, F 23 = C cos 9, 

OT F = ({cos9E^ + sin0F^) A E^. 


(2.37) 

(2.38) 


It is also worth noticing that when restricting E to9 = Oor 9 = f , degenerates and (2.38) vanishes 
identically, in other words it does not mix with the vortex flux restricted along or Moreover 
( hence the field strength Emn is proportional to identity in the color space, this is consistent with 
(2.34). 

Higgs branch-like and Vortex solutions: Next we consider the possibility qjj^ picks up a non¬ 
vanishing constant expectation value ~ \/C for H(q) to vanish, first we note from (2.36) and (2.35) 
that Emn = 0 , thus we can set Am = 0 via gauge transformation, and these two sets of equations 
are satisfied trivially. Now to see this is also a possible solution for XhypjBose (2-25) to vanish, let us 
first take the simplified limit of S^, i. e. r = I = I, the geometric factor h, the background auxiliary 
tensor field Tmn, Tmn and SU{2)r gauge field (Vm)^ all vanish identically. We see that Dmqfj^ as 
defined in (B.26) now vanishes for constant q^^. However the anti-symmetric auxiliary tensor fields 
Smn and Smn tend to non-vanishing constants and they give a finite mass to q^^ through M (2.26) 
and M-ab (2.27). For M.ab dependent terms to vanish, we can further demand additional complex 
mass parameters to satisfy ^ = ft = GiM and 



(2.39) 


Finally to have vanishing M, such that hypermultiplet can become massless we need to analytically 
continue the value of oq to complex plane such that: 



(2.40) 


where fo = go = r are both constants. This analytic continuation will be justified when we evaluate 
the partition function on Zgi , the condition (2.40) labels the lowest of infinite set of simple poles 
in the contour integration, and final expression becomes holomorphic function of ttiq =F The same 
conclusion can be reached from the equations (2.23) and (2.24). In particular we notice either — or 
-|- choice in (2.40) corresponds respectively to the condition for either q^^ or qj^ of SU{2)ji doublet 
becomes massless and picks up non-vanishing constant expectation value, while the other component 
is frozen at zero. We refer to this class of smooth solutions as “Higgs-like” since H{q) can vanish, 
precisely which component vanishes is determined by the sign of the Fl-parameter (j. 

^Strictly speaking, as pointed out in [33], in addition to set the imaginary part of 4> to be constant, the real of 4> also 
needs to acquire additional spatial dependence proportional to ( for Bianchi identity to be satisfied. However the crucial 
point here is that when we compare with the contour integration from Coulomb branch localization in the next section, we 
need to take > oo limit such that the contributions from this branch are suppressed, the essential physics does not change 
due to this correction. 
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In addition to these smooth solutions, near the north and south poles {p = 0 and p = tt) we 
can also have the non-trivial singular vortex-like solutions such that An and the non-vanishing 
become dynamical fields while the remaining parameters satisfy (2.39) and (2.40). Let us now focus 
near p = 0, an analogous discussion can be given for near p = vr. As mentioned earlier that the 
geometry near p = 0 reduces to 4d fl-background^, non-trivial gauge configurations need to satisfy 
the equations (2.35) and the non-vanishing component needs to satisfy the equation: 




(2.41) 


for the combined deformation terms to vanish, i.e. (2.31) is satisfied. The combined sef can be 
regarded as fhe generalization of fhe mixed insfanfon-vorfex equations found in [20] fo fhe 4d 12- 
background for ei = 62 ^ . 


For general S ^2 i- e. ( / I, Tmn, Tmn, ^ non-vanishing, / and g also become 

non-consfanf, if is easier fo consider linear equations (2.23) and (2.24). Firsf we nofe fhaf if one of 
fhe SU{2)ji doublel, say q^f remains zero, while fhe ofher non-vanishing componenf q-^j- still satisfies 
(2.41), if is sufficienf fo ensure Ihyp. Itiose vanishes. To solve Dnq^f = 0, we can consider fhe 
ansafz q^f{y) = exp(—f f {Vn)idy'^)q^^j, such fhaf satisfies fhe simplified equation: OnQ/i — 
z(A„)/q= 0. We see fhaf while q^^^ can still lake fhe non-vanishing conslanf value when An = 0, 
becomes spatial dependenf due fo non-constanf factor exp(—z f (Vn)/dy^). However we would 
tike fo argue fhaf when we approach p = 0 (similarly for p = vr), can sfill approach to non¬ 
vanishing consfanf expectafion values such fhaf H{q) vanishes. This can be seen from fhe explicif 
SU{2)]i background field sfrength near p = 0 computed in [22], which implies relevanf componenf 
becomes: 


= Ip" 



cos^ 9d(p + 



sin^ 9dx 


(2.42) 


and timp_ 5 .o exp(—i f (Vn}idy^) —)■ 1 smoofhly. We conclude fhaf we can have isolated “Higgs 
vacua” H(q) = 0 at p = 0 (and p = tt). 


More generally in fhe presence of An safisfying (2.36) and (2.35), q^^j can again become dynamical, 
subjected fo fhe boundary condilion fhaf if approaches fo non-vanishing consfanf af p = 0 (or p = vr). 
Near p = 0 (or p = tt), fhe combined sef of equations describes fhe generalizalion insfanfon-vorfex 
(anfi-inslanlon-vorlex) mixlure configurations in 4d Q background wifh arbilrary eip^. When we 

'’That is, either giA or q 2 A is non-vanishing while the other is set to zero. 

’For the moment we have round S'* such that ei = £2 = L 

®In [33], the authors discovered another class of saddle point solutions corresponding to non-perturbative topological 
solitons which they called “Seiberg-Witten monopoles”. However the fluctuation determinant around these saddle points 
seem to be identical to the ones for the instantons in the presence of vortices we considered here, i. e. given by direct 
substitution of poles of perturbative one-loop determinant into the non-perturbative Nekrasov instanton partition function, 
as we will demonstrate explicitly in next section. In particular as reviewed in Section 5.3 of [34] that, on a Kahler manifold 
as it is the case of 5*2, non-abelian Seiberg-Witten monopole equations reduce to vortex equations which take similar form 
to the vortex-instanton equations (2.35) and (2.36), It would therefore be very interesting to understand the connection of 
these two different classes of topological solitons. 

^See [21] for a recent discussion on vortex equations in fl-background. 
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explicitly evaluate the contour integral for 2^4^ in the next section, the resultant residues can be 
identified with the partition functions of the corresponding 2dAf = (2,2) vortex world volume theory, 
defined on the two deformed two spheres and We can regard the answer as having two 

distinct sets of vortex configurations of different topological charges wrapping along and 
They intersect each other at their common north and south poles, so from the perspective of 
the vortex configuration wrapping on also appears as co-dimension two defects located its north 
and south poles^°. More precisely as we will provide supporting evidence later, they combine with 
the four dimensional instantons to appear as the generalized non-perturbative “world sheet instanton” 
corrections in Z 02 . 

*^1 /K 


3 Explicit evaluation of for = 2 SQCD 

In this section, we perform explicit contour integration for the S ^2 partition of A/" = 2 SQCD 
with U{Nc) gauge group and Nf fundamental hypermultiplets, focusing on the relevant singularities 
and compute their residues. We will observe that the resultant expression exhibits almost factorizable 
structures, different contributions can be identified with the different saddle points solutions discussed 
earlier and we will discuss how they can be interpreted as 2d effects in the vortex world volume. 


Let us first write down the general expression for S ^2 partition function for A/" = 2 SQCD following 

[ 8 ]: 


Nc 


5.SQCD 

*62 


N,\ 


dd, 

a=l 


e ^YM 


n£infiiTte.+A/) + f 


-'inst 




(3.1) 


This expression was obtained through Coulomb branch localization discussed earlier. Let us comment 
on the various contributions in (3.1), which was computed in the absence of the Q-exact Higgs branch 
deformation (2.16). The first set of contributions are the classical pieces coming from evaluating the 
supersymmetric Lagrangians (B.14), (B.17) and (B.28) at the smooth perturbative Coulomb branch 
saddle points (2.32). Here U(Nc) gauge group admits non-vanishing FI parameter (), and we defined 
the dimensionless normalized values: 

da = V^'aa = ^^, C = VlIC = -^, fii = Vihi = ^L= (3.2) 

where {a^ G M} are the vevs of Nc scalars in the Cartan of U{Nc) and {^/} are the Nf complex 
mass parameters. The second set of contributions come from the zero mode fluctuation determinants 
of vector and hyper- multiplets around the (2.32), these are encoded through the function T(x): 

00 111 

TT {x + mb + nb~^){x — mb — nb~^ — Q), Q = b+y = - + -- (3.3) 

h r r 

m,n=0 

"’From this perspective, the boundary condition for q^j at p = 0 for example, can be regarded as the 5^2 analogue of 
the condition that scalar field approaches non-vanishing vev ZC for H{<l) = 0 at spatial infinity from the center of vortices 
now located at p = tt; vice versa for the boundary condition at p = tt. 
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where we have also related the dimensionless deformation parameters b and 1/6 with the lengths 
The vector and hyper-multiplets now contribute respectively to the numerator and denomina¬ 
tor, we therefore expect them to contribute simple zeros and simple poles in the contour integration. 
For later purpose, let us also define the following function 


7(x) 


r(x) 

r(i-x)’ 


(3.4) 


where r(x) is the usual Gamma function and is related to T(x) through the following useful identity: 


T(x + mb + n/b) 

T(^) 


.l)mn 


7 ( 6 (x + r 6 )) y-r 7(6 ^{x + sb ^)) 




li }y2b{x+rb) — l i J. (h—l'\2b~^(x+sb~^}- 
=n " s=0 ^ 


r=0 


T n Yllix+rb+sb ^)2]. 

(3.5) 


r=0 s=0 


where m,n £ . This identity will be useful when comparing 4d and 2d partition functions. 


Finally the third set of contributions arise from the zero mode fluctuations around the singular 
non-perturbative anti-instanton/instanton saddle points = 0 localized at north and south poles 
of S ^2 respectively", they consist of two copies of the instanton partition functions computed in 
Q-background [14], [15]. There are many mathematically equivalent ways to express the instanton 
partition functions following the useful results in [23], [24], for our purpose we choose the following 
representations: 


Nc 




Zi„3t(a, lq)=^ n ^aT(a, (d, A, Z), 

{y} a,b=l 


1=1 a=l 


(3.6) 


00 

^aT(a,n= n 

r,s=l 


r (Zar - kbs + 6^(r - s - 1) + ib{as. - db)) F {b‘^{r - s) + f6(da - db)) 

F (Far - kbs + 62(r - s) + ib{aa. - db)) F {b‘^{r - s - 1) + ib{aa. - db)) ’ 


z5-(a,A,f) = n 

r=l 


r(6(f(da + A/) + ^) “k (^^(^ ~ 3) + kAr) 
r(6(z(da + A/) + f) + - 1)) 


(3.7) 

(3.8) 


Here q = exp(27rfr) and r = ^ + is the complex coupling. We use Y = {Yi, Y 2 ,..., kjVc) to 
denote a set of Nc Young diagrams and each Young diagram F/ is characterized by a set of integers 
(Yai > Fa 2 > • • • >0), where Far is the length of the r-th column Moreover \Y\ = X)ar kar 
denotes the total number of instantons and when Y is empty Zi^stia, fi, q) reduces to 1. If we regard 
(3.6) arise from the zero modes around the instantons localized at South pole p = tt, then the contribu¬ 
tions from those around the anti-instantons localized at North pole p = 0 can be obtained from taking 
q ^ q = exp(—2z7rr) in Zi^stia, p, q)- They combine to form the non-perturbative contributions 
\Zinst{a,fi,q)\‘^ in (3.1). 

'*We choose this convention to be consistent with the positions of instanton/anti-instanton saddle points in Section 2. 

'^Alternatively we can consider the transposed Young diagrams Y'^, characterized by a set of integers (lAi > FA > 
. .. > 0) where F/ is the length of s-th row, we also need to exchange b and 6“' in the partition function. 
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To evaluate explicitly, we need to promote Oa into complex variables, the integration con- 

tour depends crucially on the sign and the magnitude of the FI parameter Let us take ( G M"'' for 
definiteness, this implies that we should choose the integration contour to be a semi-circle in the upper 
half plane for possible convergence. If we express = laale*^'^, the classical exponential factor can 
only ensure the contributions from the circular arc of radius |aa| to vanish exponentially, if we also 
have ( > l°d cos2ea ^ therefore conclude that to take loal —)■ oo limit such that the integration 
contour extends along the entire real line and encloses all the upper-half plane, we need to simulta¬ 
neously take C —)• oo. Next let us consider the possible singularities in the upper half plane and their 
physical interpretation. They come from the simple poles in hypermultiplet perturbative zero mode 
fluctuation determinant, which we can read off their position from the definition of (3.3): 

da = - , ls.€{I}, ma,na = 0,1,2,3,... (3.9) 

where the index fa implies that we pick Nc out of Yy possible complex mass parameters {fii} which 
we assume to be all distinct. To understand the physical meaning of these simple poles, we can use the 
related discussion in [10] for the superconformal index to our 5^2 partition function (see also [25] for 
earlier discussion). The basic idea is similar to the singularities in the Wilsonian effective action which 
can be attributed to certain fields accidentally become light and can condense to acquire expectation 
values. As the result, the local and global symmetries these fields transform under become partially 
if not completely broken. Moreover if we allow for the expectation of a given field to be spatial 
dependent, space-time rotational/translation symmetries hence supersymmetries can also be partially 
broken. We can regard this phenomenon as the insertion of extended topological BPS defects into our 
theory and the corresponding spatial dependent expectation values vanish precisely at their positions. 

We can now associate the simple pole conditions (3.9) with the various saddle point conditions 
found earlier. For m-a, ria. = 0, this corresponds to the locus in the Coulomb branch moduli space 
where fundamental scalars can become light and acquire non-vanishing expectation values, up 
to normalization this is precisely the saddle point condition found in (2.40), i. e. isolated Higgs 
vacua. The shift by|Q = + indicates the theory is defined on curved manifold S^ 2 - For 

m,a, na / 0, fhey correspond to inserting two sets of co-dimension two surface defects of topological 
winding number ma and na respectively in the two orthogonal planes, which are the infra-red limit of 
the dynamical vortices (see e. g. [26] for an introduction.). The positive integers m-a and na also label 
the quantized angular momentum carried by the two sets of surface defects in their two transverse 
dimensions, these non-trivial topological conhgurations correspond to the first two equations of the 
saddle point equations (2.36) and (2.35). The expectation values of the light scalar fields arising here 
parameterize the positions of the surface defects in space-time and internal spaces, in other words they 
become the moduli space coordinates of these surface defects, which will be promoted to 2d helds 
later. 

SOCD 

We can now readily evaluate the residues of (3.1) at the the simple poles given in (3.9), 

*62 

and they are expressed in the convenient form to compare with the two dimensional vortex partition 
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functions on and in the next section: 


oo oo 


^SQCD _ 

^c4 — 

*^62 


1 loop loop if^i] 


7 class. ^class. ^ 


7 inst. |2^cross 


X^4dfree_ 


E E^' 

^ma=0 na=0 

Let us discuss the various contributions in turns, we have separated them into explicit (ma, na) de 
pendent and independent parts. The first pair of factors in the summation are: 

.2 


Z' 


class. 


{ma;6} - exp 


levr^^/ f Q\ mlb'^ 


(3.11) 


and can be obtained from above by exchanging ma and b I. These come from 


part of the classical supersymmetric action in (3.1) The second pairs of factors in the summation 

loop 

//J f j 1 dlv^. 


Zi.5) = 


n 




N, 

n 

b=l 


Nc ma—1 


-rf ”rT^ n^=i ijiKh. - Atb) + - 'mh)b^) 

;Lo t(1 + ir + 1)62 + ibifii^ - fij)) ’ 

mb-1 


(3.12) 


5l-2((?'-mb)62-ib(Wb-Aia)) X 5l-2((r-mb)fe2-i6(Aib-Aj)) 

jT^lb r=0 


a=l r=0 


(3.13) 

and we can again obtain l} by exchanging ma o na,b o- 1/6. They arise from part of the 

ma, 

perturbative zero mode fluctuation determinants in (3.10), after readily applying the identity for T(x) 
and 7 (x) (3.5). The remaining (ma, na) dependent parts from perturbative contributions: 

nr.V nSoK'- - ».)'>+- wji 


N, 

.E Lnr.v‘ reio'K-- -- wji n"iv‘ niAK’- - ">.)'>+17?^+- wji 


(^-na) 


N, 


ma-1na-1 


xnn n n 

a=l r=0 s=0 


*(Ai - fiij + (r - mi,)b + 


(s - na) 


-2 


(3.14) 


this can be shown to almost cancel completely with the Y independent parts of the non-perturbative 
zero mode fluctuation determinant in (3.1). 


Before we present the explicit contributions from the non-perturbative parts (3.6), let us discuss 
the contributing Young diagrams in the summation (3.6). We first notice that the infinite products of 
Gamma functions in (3.6) need to be truncated to a finite products depending on set of pole numbers 
{ma, n,a}. This truncation arises from the hypermultiplet contribution (3.8) which takes the following 
form upon the substitution of (3.9): 

00 Lir 

^ar(«j = n - Ala) + - ma - 1 ) + (s - na - 1)]. (3.15) 

r=l s=l 

'^We also divided final expression by phase factor lim^_^^ exp[16i7r^/ Aa + i{mj3 -|- Tia/b))]. 
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rrii 



Figure 1. The contributing Young Diagram Ya which avoids the box with coordinates {rria + 1, Ua + 1), the 

- - -V —V 

vertical or horizontal dotted lines indicate the division of Ya into and Y^jY ^ and Ya or Y^jY ^ respectively. 

This implies that for given positive integers (ma, na), in order for the product above hence to 
be non-vanishing, the Young diagram Ya cannot contain the box with coordinates (ma + 1, na + 1) 
as shown in Figure 1, otherwise there will be zero in the product when I = r = rus, + 1 and 
•s = na + 1. This also implies that when ma / 0, na = 0, to avoid the box (ma + 1,1), we need to 
truncate Ya at ma columns as indicated by vertical line in Figure 1 and we denote such a truncated 
Young diagram as Ya Similarly for ma = 0, na 7 ^ 0, we need to truncate horizontally at 
rows which can be denoted as Y^. In order to facilitate the comparison with the partition function of 
vortex configuration wrapping on 5^ later, we would like to divide Ya into Ya which only contains 
first ma columns, and the complement of Ya in Ya/Ya 

Let us now express the non-perturbative instanton contributions based on such vertical division 
of contributing Young diagrams {Y}, here we have also combined in our expressions (3.14) which 
almost cancel off the Y independent part from (3.6), we are left with the following: 

= E (3.16) 

(?) 

'"'in our previous version, we mistakenly only included the truncated Young diagrams {Ya} in our summation, we are 
grateful to Bruno Le Floch and the authors of [33] for pointing this out, and allowing to correct our subsequent related 
calculations. 

'^One can consider alternative division of Ya into Ya containing first ria rows and its complement Ya/Ya , this is suitable 
for comparison with the partition function of vortex configuration wraps on Sf/f, instead. 
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The first factor in (3.16) is given by: 


Nc m, — l 


= g|Y2dl(_i)Af.|Y2dl Yl 


+ 1))y^ 


a(ma —r) 


= 1 r=0 nb=l(l + ^^(Wb -Wa)+ft^("lb-0)Y,(^,_,) 

n^"o'^(l + - Wa) + -r)+ - Ybl)Ybi 


JVc 

ajii n™=o"(l + iKjh^ - fiij + b‘^{r' -r)+ - Yb(m^_^/)) 

g (1 + - fiij - rb"^ + - Yb(^j^+i)) 


-1 


Yb(mt, + 1) 


n^'to (*(Wb - Ata) -{r + l)b + s'b 1 + Ya(rn,-r)^ 

_ r(3i+n) 

- , aiivj^ w 

^Nc V^ma —1 • 


b(m|^ —r^) —r' + l) 


(3.17) 


where(x)n = r(x) ’ ^ave introduced Ya(m,-r) = Ya(m,-r) - = Ya(m,-r) - n^, r = 

0,..., ma — 1 and |Y 2 d| = Ya(ma-r)- This term consists exclusively of the boxes from 

each truncated Young diagram Ya. as the subscript “2d” indicated that this term will be identified 
with the instantons in the 2d vortex world sheet in the ria = 0 limit, such that the Young diagrams 
{Ya} now reduce to the truncated ones {Ya}, and the last ratio in (3.17) now also reduces to 1 as 
Tar- = 0,Vr > ma + 1. 


The remaining factors in the (3.6) can now be packaged into: 


f 

Y^ymaYj)( mb 

gir/vif/n J| 

n 

n 

a,b=l 1 

r=l 

S=1 

Y^yma ^ 

1 + b^(r -s -1 


Y{r+ma) ^h(s + m^) 


{ib{fii^ - jlij + 62(r - s) - (ria - nb)) 


^(r+ma) ^(s+m]^) 


n n[ 

r=l s=l 


^a(r+ma) ^bs 


(*b(A«b - fj-ij + b'^ir - s) + rribb"^ - {n^ - nb))y y 

afr+rria) •->* 


{ib{fLi^ - /i/J + b‘^{r - s - 1) + rubb'^ - (ria - nb) - Yb^) 


Yba 


(i^(Aib “ Ata) + b‘^{r- s)+ rribb'^ - (na - nb) - Tbjy^^ 
ma T)i-™b {ib{fii^ - fiij + 62(r - s - 1) - ma6^ - (na - ^b))y^^_yj^^^^^ ^ 

n n - -/i/J + 62(r - s) - maft^ - (na - nb))y _y , 

r=l S=1 \ v» D « a/ V / V ^h(s + m-^) 

{ib{fLi^ - ftij + b'^{r - s) - mjp - (na - nb))y 


(ibifii^ - fiij + 62(r - s - 1) - ma62 - (na - nb))y^, 

1 


yV 

^al 

n 

?’=ma+l 


Ya, 


(f6(/iz^ - fuj + b‘^{r - Yj - 1) - 62(nia - mb) - (na - nb)) 

1 

s=m^+i (^biP^h - PiJ + ^^(Ta'i -s)- - mb) - (na - nb) - Ybjy^^ 

N. ypi 

nn n {ib{pi-piP) + b^{r-m^-l)-n^)y^^ 

a=l 7=1 r=ma+l 


yV 

^bl 

n 


(3.18) 
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Figure 2. Higgsing of 4 d A/^ = 2 SQCD into IdM = ( 2 , 2 ) SQCDA coupled to free 4 d hypermultiplets. 

which consists of the contributions from entire Young diagram Ya and one can see this long expression 
become to 1 when ria = 0 such that Y = Y and Y^^ = ma- Also, to verify the validity of this long 
expression, we perform a simple test for the U{1) gauge group case considered in [33] in Appendix 
C. 


Finally, the remaining (ma, na) dependent terms from (3.1) which are independent of {/!/} can be 
packaged into: 




these (ma, na)-symmetric terms consist of classical and cannot be split into purely ma or ria depen¬ 
dent terms, moreover we notice that ~ remaining factors consists of 

purely (ma, na) independent contributions: 



(3.20) 


We can identify the denominator here as the zero mode fluctuation determinant around the vanishing 
vevs of the free Nc x {Nf — Nc) 4d hypermultiplets. We have written it in such a way to highlight 
the shift of fii^ due to the Higgsing of 4d U{Nc) x SU{Nf) gauge and global symmetry 

group into residual S[U{Nc) x U{Nf — A^c)] residual global symmetry group^® (See Figure 2). We 
have also included in the numerator the classical action evaluated at the simple pole corresponding to 
the Nc isolated Higgs vacua da = — Aa + Finally, the complex conjugation for „ j in (3.10) 
is again done simply hy q ^ q. 


Summarizing, the first four terms of (ma, na) dependent parts in (3. 10) readily factorize into purely 
(ma, h) and (na, h~^) parts consisting of and this factorization is 

similar to what was observed in the context of 4d superconformal indices [5, 27, 28], in the next 


'*More precisely, the residual S[17(Aic) xU{Nf—Nc)] is further broken by the complex mass parameters into ( 7 ( 1 ) ^ 
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section we will identify them with the classical and one-loop contributions to the partition functions 
of 2d AA = (2, 2) vortex theory on 5^ and respectively, coupling to free Nc x {Nf — Nc) 4d 
hypermultiplets. Interestingly, in addition to the constant factor |, we also have the non¬ 
trivial non-factorizable term ^ which will be matched precisely with the 2d world sheet 

instanton/anti-instanton contributions in the na = 0 (or equivalently ma = 0) limit, we will also 
comment on the general m-a, ria / 0 case in the next section. We should note however all these 
classical, perturbative and non-perturbative contributions we found in (3.10) are in accordance with 
the various saddle point solutions we found in the previous section using Higgs branch localization 
on S^ 2 - 


4 Comparison with partition function of Af = (2,2) vortex theory 


The relevant J\f = (2, 2) two dimensional vortex theory on C was derived explicitly in [20] 
using D-brane constructions, for total topological charge K configuration, the vortex theory has U{K) 
gauge group whose gauge field is contained in the vector multiplet, its matter content consists of Nc 
fundamental chiral multiplets with twisted masses M^, Nf — Nc anti-fundamental chiral multiplets 
with twisted masses Mj and also one adjoint chiral multiplet which is denoted as X and charged under 
the U{1) rotation symmetry in the transverse M^. We refer to this theory as “2d SQCDA”. 

Now putting 2d SQCDA on deformed two sphere 5^, the twisted mass and a U{1)r charge q can 
now combine into a complex twisted mass [2, 3], it is useful to define dimensionless quantity [19]: 

M = IM+^ (4.1) 


the partition function is holomorphic in such a combination. Moreover as we embed into S‘^ 2 , the 
finite curvature now induces a dimensionless complex twisted mass Mx for the adjoint chiral X. Let 
us now write down the partition function of SQCDA on S^, following [17]: 


grSQCDA 

^o2 

*6 




-h (cJr - O-g) 



X 


K 


n 


y^r(l + far + iMa-^) y r(l-iar + iMj + ^) 


A Tj-iar + ias - fMx - 
r(l -h fCTr - fo-g -h iMx - 


Here the is the scalar component of the vector multiplet which takes value in the Cartan sub¬ 
algebra of the gauge group; r is the 2d FI parameter admitted by U{K) gauge group, it forms complex 
combination A + ^ with the 2d theta angle 0; finally Br G Z is the quantized magnetic charge on S^. 
In the absence of superpotential as it is the case here, the value of C/(1 )r charge is unfixed, however 
interesting polynomial type of superpotential for chiral multiplets can also be added to this theory 
[19], this fixes the U{1)r charges to definite values. 
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For the special superconformal case Nf — Nc = Nc, the partition function (4.2) has been 
computed explicitly in [19], the generalization to arbitrary Nf — is straightforward, and it boils 
down to picking up the residues at the following values: 


± ^ = -*Ma - zp.Mx + 1 < a < iVc, 0 < p. < ma, > 0. (4.2) 

Here the positive integers {rha} need to satisfy the constraint = K, in other words we have 

partitioned K scalars into Nc distinct sets, and residues are only non-vanishing provided two sets of 
independent positive integers k^^ satisfy k^^ > for all (a, p) and ± signs. Importantly, as 

noticed in [19] that the integrand only depends on either combination itJaix + or itJaix — we ex¬ 
pect the k'^^ and k~y^ dependences in the resultant expression from (4.2) to decouple into two separate 
summations. Let us now summarize the answers from explicit contour integrations as following: 

^S^QCDA ^ ^ (4.3) 

{ma} 


Here the classical part can be written in terms of z = e 27rr+*0 


= (zz)"^=>=i^r"o (tMa-rinMx) ^ 


N, 


a=l 


dvrir ^ ( rha ( Ma - 


Mx \ rTLi. ,, 

' + ^Mx 


(4.4) 


whereas one-loop perturbative conttibution is given by 

2 . loop ^ n£i nSii ngo ‘ 7(i(M. - M^) + i(n - mp)Mx) 
(ft.) nj!fr"'n£inS=o‘7(i+iMo+iMj+i),Mx) ^ 
finally the non-perturbative world sheet instanton partition function is 

Nc rria-l 


(4.5) 


^vort. 

■'{maj 


(z)= ^ 


nfi'^^(-*Mj-fMa-fpMxK 

\Nc 


fe:(a,(J.)— >Z>0 
Nc ma-1 TiN, 


a=i ;f=o nb=i(l + - fMa -h (mb - p)fMx)fc, 

nb=i(l + *Mb - fMa -h (mb - p)iMx + A:a^ - A:b(rnb-i))fcb(,^^^i) 


^ ni3=l n^O ^(1 + — *Ma -I- (w — p)fMx + ka.y, — /Cbv)fcbv-fcbp-i 


(4.6) 


bp-l) 


where we have also set A:b,-i = 0. Notice that we have omitted the superscript “zh” on in above 


vort. /=\ 


it should be understood however that in (4.6) if we set A:a^ = A;+^, for its complex conjugate Z 
we should set /ca|x = k~^ along with z —)• z*^. We can naturally interpret and k~^ respectively as 
the world sheet instanton and anti-instanton number, localized at south and north poles of S^. 


’while keeping the mass dependence expression the same. 
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We are now ready to compare the residues obtained from as given in (3.10) and the S? 

partition of the vortex partition function Let us begin by considering the ma 7 ^ 0; na = 0 

contributions in the summation, such that = l}, ,, = = 1 , Yar = Yar = ^ar> 

’ (ria,?) {na,b-ll {ma,0} ’ ar ar> 

and the last line of (3.17) also becomes identity. We now identify the 2d and 4d parameters as follows. 
From the classical parts (3.11) and (4.4), they become identical if we set: 

= r, ma = m-a, b'^ = *Mx, ibfii^ + b‘^ + 7;= ^^a, a = 1,..., Wc (4.7) 
9ym 2 

Next we see that modulo the factor n{ma;b} iii (3.12)*^, it matches with (4.5) if we further set: 

- ibfij - ^ = iMj, j£{I}/{la}, j = l,...,iV/-iVc. (4.8) 

These state that we naturally identify the 4d vortex numbers {ma} with the integers {m-a} partitioning 
total vortex charge K, and the dimensionless 4d complex masses fij} and 2d twisted masses 
(Ma, Mj}. It is also interesting to note that the identification of 6 ^ = fMx was also considered in 
[19] when identifying the insertion of surface operators in 4d AA = 2 superconformal QCD with 
the degenerate vertex operator in the correlation function of the dual Toda field fheory. Finally wifh 
fhese parameter mafching fhrough fhe classical and perfurbafive confribufions, fhe non-perfurbafive 
confribufions (3.17) and (4.6) can also be idenfified if we sef 

^a(ma-r) = ^ar, , r = 0, 1, . . . , ma - 1, 9 = Q + {K - l)7r, (4.9) 

in ofher words we idenlify fhe 4d Yang-Mills insfanfon and 2d world sheef insfanfon numbers as 

claimed earlier. We have demonsfrafed in na = 0 limif, fhe residue obfained from indeed fo 

*62 

fhe partition function for 2d vortex fheory coupled free 4d hypermulfiplefs, exacfly fhe 

same mafching can be performed if we exchange (ma, b, Yg) wifh (ria, 6 “^, Y ^^), and accordingly in 
fhe parameter mafchings (4.7), (4.8) and (4.9). 

Lef us nexf discuss when ma, ria / 0 in (3.10), firsl we note fhaf bofh classical 
and perfurbafive one loop and again precisely mafch wifh fheir 2 d counferparfs 

given in (4.4) and (4.5) afler exchanging b and b~^ appropriafely. For fhe non-perfurbafive confribu- 
fion ^ |, we now need fo consider fhe full Young diagrams (Yaj- We can however sfill mafch 
fhe firsf fwo lines in (3.17) wifh (4.6), if we instead identify Ya(ma-r) = ^a(ma-r) “ wifh fhe 
world sheef insfanfon number /ca^ or in ofher words we shiff fhe world sheef insfanfon number as 
ka.\i —^ ^a|x — ng. This is fhe main reason we divide Yg info Yg and Y^jY^ when presenfing fhe 
residue of insfanfon partition funcfion. Now from fhe perspective of S\, fhe presence of fhe sur¬ 
face defecfs wrapping on fhe ofher deformed fwo sphere which infersecfs wifh af p = 0 , tt, 
is encoded in fhe shiffed world sheef insfanfon number Ya(ma-r)- The resulfanf configuration can 

'*We expect this factor can be absorbed by renormalization of gauge coupling, but it would be nice to understand its 
precise origin. 
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be naturally regarded as the bound state of 4d Yang-Mills instantons labeled by Yg, and the surface 
defects of charge rig, both appearing as the co-dimension two defects on S^. This is precisely the 
vortex-instanton configuration we found in Section 2 However there remain 4d Yang-Mills instan¬ 
tons associated with YgjYg which cannot be interpreted as world sheet instantons on 5^, and they are 
responsible for the extra contributions in They should be regarded as the summation of world 

sheet instantons in the world volume theory of vortices wrapping on whose number is given by 
y\, plus the contact interactions between and S\i^ at p = 0, tt. It would be very interesting to 
make such correspondence precise, and it is currently under investigation [35]. 

It is also interesting to recall from [20] that these 2d world sheet instantons can be regarded as the 
vortex configurations in AA = (2,2) gauge theories. In particular they were explicitly showed in [2] 
and [3] as the alternative saddle point solutions in the Higgs branch localization computation on 5^. It 
would be interesting to first reproduce (4.6) by computing the equivariant volume of the vortex moduli 
space oiM = (2, 2) SQCDA on 5^ in na = 0 limit. The corresponding computations have been done 
for some closely related theories obtained from the superpotential deformations oiM = (4,4) theory, 
such as so-called M = (2, 2)* theory where a Yukawa-type superpotential ~ Tr(QX(5) [2], [7] is 
added to SQCDA considered here^°. The additional superpotential simplifies the matrix model for the 
world sheet instantons, as the zero modes associated with the adjoint chiral X get lifted, the discrete 
supersymmetric vacua of the matrix model hence the resultant partition function is only labeled by 
a single set of integers partitioning K, c. f. [2], [7], we expect that the dependence on two sets 
of integers {rhg] and {fea^} in (4.6) will be generated by these additional adjoint zero modes. When 
rig / 0, such a computation will also shed lights on the role of the additional terms in last line of 
(3.17) from the 2d perspective. From the perspective of 4d AA = 2 gauge theory, this is equivalent 
to study the moduli space of Yang-Mills instantons localized on two intersecting stacks of surface 
defects which are IR limit of dynamical vortices of charges {ma} and {na} respectively. 

5 Discussions 

We would like to end by discussing some interesting possible future directions. 

While we worked out explicitly the new saddle point solutions arising from the Q-exact Higgs 
branch deformation term Tniggs on S ^2 in section 2, the obvious omission in our current work is 
the explicit computation of the zero-mode fluctuation determinants around them. The answer should 
consist of two parts, the first one is the zero mode fluctuation around purely the vortex/surface defects 
background configurations, similar to the computations in [7], [3]; the other part involves computing 
the volume of the moduli space of the Yang-Mills instanton attached to surface defects, i. e. the 

An equivalent way to understand this shift is to realize that when we only have surface defects wrapping on S'!, the total 
world sheet instanton number is given by ~ ^ f Tzz, where F^z is the field strength along the two 

dimensional 2 -plane attached to the south pole p = tt. If we also have surface defects wrapping on Fz^ needs to carry 
the additional component AFzz such that when integrating over 2 -plane which is also transverse to the additional 
component yields ^ / AFzz = — «-a. 

^'’Another good example is the soft-breaking where a mass term TrX^ is added to SQCDA [29]. 
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moduli space of the solutions to (2.36), (2.35) and (2.41), this computation as far as we know, has 
not been done in the literature. The results should respectively match with z! and i P in 

(3.16) obtained from the contour integration in section 3, which in turns serve as the predictions. 

In this work we focused on AA = 2 U{Nc) SQCD on S^ 2 , however we believe the almost factor- 
izable structure we observe in section 2 applies to the theories with other gauge groups and matter 
contents admitting non-vanishing FI parameter and Higgs branch. The residue here presumably can 
also be interpreted as the partition function of certain surface operators, however the challenge 
would be to identify what the correct world volume theories are. It would also be interesting if we 
consider quiver generalization of the current setup, the corresponding D-brane construction can be 
found in [25]. 

Various surface defects in 4d A/" = 2 Superconformal QCD were studied extensively in [19], they 
are labeled by the representation of AjVc-i and the corresponding 2d J\f = (2,2) world volume 
theories were also identified. In particular, the 2d M = (2, 2) SQCDA we studied in this work 
corresponds to the totally symmetric representation. In the context of 4d A/" = 2 superconformal 
index Tx= 2 , which is a twisted partition function on x S^, it was noted in [10], and further studied 
in [30], [31], [32], that the insertion of these surface defects can be implemented by the action of 
various difference operators acting on Tj^= 2 - It would be interesting to investigate whether similar 
story can occur for inserting the surface defects into Zc4, that is when we couple 2d M = (2, 2) 
SQCDA to 4d AA = 2 SQCD, whether we can replace the residue evaluation in section 3 by the 
action of certain shift operator now acting on the various parts in the integrand, including the non- 
perturbative instanton part. 

We hope to report on these in a future publication. 
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A Spinor Conventions and Auxiliary Fields on S ^2 

Now let us summarize the Killing spinor conventions and other useful identities mostly used in 
Section 2, following [8], our index conventions are: 

A,B = 1,2, SU (2)/j indices, 
a, /3 = 1,2, chiral spinor indices 
a, $ = 1, 2, anti-chiral spinor indices, 
a, 6 = 1, 2, 3,4, coordinate indices 

m,n = if, X, 0, p, S ^2 coordinate indices 
j, i = 1, 2,... 2n, Sp{n) indices. 

The chiral and anti-chiral spinors transform respectively as (2,1) and (1,2) under the first and second 
factor of SU (2) x SU (2) ~ S'0(4) 4d rotation group, their generators are given by following 2x2 
matrices: 


a<^ = -iT^^ a^ = iT^^ a = 1,2,3 

(T^ = l, a^ = l. (A.l) 

The index structures are given by (t“ = and a°‘ = (d")"", and they are raised or lower by the 

anti-symmetric SU (2)-invariant tensors e"^, e“^, whose non-vanishing elements are 

= —ei2 = e2i = 1. (A.2) 

The index contraction convention is such that, undotted indices a, /? are suppressed when contracted 
in up-left, down-right order, while similarly for dotted indices a, /? when contracted in down-left, 
up-right order. We also define the following combinations: 

^ab — ^b^a)a ) ^ab — ~^{,^aO'b ^b^a) ' (A.3) 

such that aab = —^^abcd.o''^'^ (anti-self-dual) and aab = (self-dual). 

B Supersymmetry Transformations on 

Before we list the relevant supersymmetry transformations for various field contents and the resul¬ 
tant supersymmetric Lagrangians, let us write down for our purposes the explicit form of auxiliary 
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fields solved in [8]: 


t I 0 e — /) — ih] 

4/5 ye*®[(5-/)+ 0 

j_( 0 e-^^[{g - f)+ih] 

^f9\e"^[{g-f)-ih] 0 

(Q^n^ ^/3__ i_( 0 e-^%{g + f) - iK^ 

y 4fgLid[(g + f) + ih] 0 


(rrimn^ \ B I ^ 

[j- CTmnja = +TT~ 


('T'fn'n- \Q: _ | '' 


(qmn- __ 0 e ^^[{g +f) + ih] 

^ Afg\e^%{g + f)-ih] 0 

,. 1 1 4 

M — + 


f2 g2 f2g2 fg- 


(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 


these expressions enter the Killing equations defining {^a, Ca)- Moreover here we also list few useful 
identities which are used in the main text: 


^ Sin^ =-\ cos^ f 

= CaA^l = f cos ^(cos 6»r^ + sin6»r2), 


(B.6) 

(B.7) 

(B.8) 


note that so that spinor index structures in the last two lines above 

still hold even though we suppress them here. In the below we summarize the supersymmetric trans¬ 
formations of various field contents on S ^2 used in main text, we again follow the conventions in 
[ 8 ]. 

Vector Multiplet: A 4d AA = 2 vector multiplet contains a gauge field Am, a pair of gauginos 
AqA and A'^, two scalar fields 0, and a symmetric auxiliary field Dab = Dba, all transform 
in the adjoint representation of the gauge group. Their supersymmetry transformations on 5^2 are 
parameterized by the killing spinors as (^^i, ^a)- 


Q,Am — ^m^A ^m^A, 

Qcj) = -i^^Xa, = i^"^AA 

QAa = \cJ^^U{Fmn + S^Tmn " Sc^Smu) + 2a^UDmC^ + + DaB^^, 


QAa — 2'^"^^^A{Fmn + 8(j)Tmn ~ ScpSmn) + ‘^(^^^ADm’P ~ 2i^A[</’) 0] + DabC 


B 


(B.9) 

(B.IO) 

(B.ll) 

(B.12) 


QDab = —iiA<A^DmXB — i^B(^^DmXA + i^AO'"^DmXB + i^B^^^DmXA 

-2[(?i, ^aAb + CbAa] + 2[(^, ^aA_b +^bAa]. (B.13) 
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The supersymmetric Lagrangian that closed under the off-shell supercharge Q is then given by: 


C — Tr 




-AD^cPD^cj) + 2M<^0 - 2iX\^Dm\A - 2X'^[ct>, A^] + 2X^[cl>, Xa] + 4[(/), ct>Y - ^D^^Dab 

(B.14) 




To be compatible with the reality condition for {^a,Ca) (2.10), various fields in the vector multiplet 
need to satisfy: 

Al = Am, (A„A)t = A“^, (AA^)t = A“^. (B.15) 

However for the off-shell vector multiplet Lagrangian (B.14) to be positive definite, when we perform 
the path-integration we need to deform the integration contour and replace the reality conditions for 
(j), ^ and with the following condition: 

,/.t = -0, (Dab)^ = -D^^. (B.16) 


Finally if the gauge group contains a (7(1) factor, we can have the following additional Lagrangian: 


£fi = w^^Dab - + ^)- - 8F'^^{Tki + Tm), 


Mr 


^klr 


?kl/ 


(B.17) 


where wab = wba given by: 


wab 


^U<T^^^B{Tmn - Smn) 


^U^^'^iBifmn - Smn) 


(B.18) 


Notice however due to the additional Higgs deformation term (2.16) in the main text, we need to 
further relax reality condition for Dab and cj) to ensure the positive definiteness and existence Higgs 
branch loci. 


Hypermultiplet: A set of n A/" = 2 hypermultiplet contains scalars and pairs of fermions 
include auxiliary scalar fields F^|. Here I = 1, 2,..., 2n are fhe Sp{n) 
global symmefry group index. Suppressing fhe Sp{n) indices, fheir supersymmefry fransformafions 
are given by: 


QqA = -i^Aip Fi^Aip, (B.19) 

QV' = 2a^UDmq^ + a^DmUq^ - + fl)q^ + 2UF^, (B.20) 

= 2a^UDmq^ + a^DmUq^ - + lJ^)q^ + ^IaF^, (B.21) 

QFa = FliACr'^Dmi’ - 2 ^a{4> + - 2^A^Bq^ + 2(1^4(o'^*Tfc;)V’ 

-liA^'^Dm'ip + 2|a(<^ + fi)'ip + 2^A^Bq^ - 2i|A(d^^Tfcz)V’, (B.22) 

where (^a, ^a) are relafed fo (^Aj 6l) via: 

= cot ^iaA-, IA = - tan ^Ca- (B.23) 
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Notice that comparing with the supersymmetric transformation rules given in [8], we have added the 
additional mass parameters (^u, Ji) for the hypermultiplets, their presence are crucial to ensure the 
existence of extra “Higgs branch” solutions to the saddle point equations. We again need to impose 
on various fields the following reality constraints: 

■jL = 

'*’ 1 / = 

(B.24) 

where are the real Sp{n) invariant rank two anti-symmetric tensor satisfying: 

= -Q= -Qjj, = 6j. ( b . 25 ) 

The CO variant derivatives acting on the scalar and fermion are defined to be: 

~ ^i^n)j~Qj^ + A (B.26) 

Dn^^i = dn^^j - iiAn)/^, (B.27) 

where {An)j represent the coupling with the gauge field in the vector multiplet and is the 

background SU{2)ji gauge field such that qf^ transform as doublet. We have not given explicit form 
of Vn, however it is important to note they are non-vanishing. The supersymmetric Lagrangian for the 
hypermultiplet where we have suppressed the Sp{n) indices /, J is given by: 

^hyp- = ^D^q^D'^qA - q^{(l) + p,^ + p}qA + ^q'^DABq^ -f ^(R -h M)q^qA - 

- + ft)V’ + - q^XAy + yXAq^ - ^F^Fa, 

(B.28) 

and to ensure the off-shell action to be positive definite, we again need to deform the integration 
contour for the auxiliary field Fj^ to impose that: 

{FfJ = -F^y (B.29) 

It was noticed in [8] that (B.28) is in fact Q exact, such that = QV^^P'. 

C The instanton partition function with U{1) gauge group 

Here we do a simple test by considering the case with U{1) gauge group shown in [33]. Following 
the same splitting procedure on the instanton partition function in the section 3 and extracting the 
Y -independent term from instanton partition function. Because is independent of the vev of 
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scalar, such a term only comes from the residue of which cancel with the remaining term from 
the residue of one loop hyper-multiplet determinant. So we are left with 


Z' 


{/(i) 


{m,n} ~ ^ 2 d ^ '^extra 

y 


(Cl) 


^2d — y nm 


(1)|Y..| . ^(1 + ^2, YlT=iil + bHs -m)+Ys- Ym+l)y^^^ 


nn 


nr=i(l + b^s)y^ nz=ii^ + - O + y. - nZiibZr -m- l))y 

- fii)b + b‘^{r-m - l))y^ 


=1 - m - 1) + y^ - n). 


(C.2) 


z2i’ = (-if'’' 


nC™+i(i+-’■)+- Yr)yr-Y.„ nr.i n£'„+i(i+- >■) + n - y,)y,-y. 


r+1 


nC+. nr.i(i + ns -r)+ y. - nC+i(!'=(f - ir - i))x 




X TT + + jT s. frf iS^r^+uh^jm c) Y)y 


m + l 


Nf yv 

X ]J ]J (i(fij -/}i)b + b^(r - m-1) - n)y^ 


7=1 r=m+l 

For comparison with above equations, we rewrite the (3.18) in the following form: 


Nc 


vv vv 

^al ^bl 


1 


zst.=n n n n-^+y^f.- ri+K ->■ > 

a,b.l U.m .+1 —m,+l V S: + 0 [S r) + bb. 


ma -^bl 


1 


^ ^ , 1 (1 - X + b^(s - r) + ybs - Ys,r)y _y 

r=l S=mb + 1 -'a(r+l) 


Ki "lb 




n n (1 _ 3; _)_ 52/g — r) + ybs — Yst,r)y y 
r=ma+ls=l ^ ^ / I DS 




1 


yV 

-» U1 


bl 


X 


r=S+l 'Yl - 1 ))k„ ! 


n 


(1 - X + s6^ + ybs - yai) 


yai 


(1 - X + sb‘^)y^^ 


mb 


^ (x + 62(r-mb-l))y TT^ 2 / b N 
n c^. 2 r._vv_it X ]J(x + b (ma-^)-yb.) 


(x + 62(r - yv _ 




r=i V ' ^ U-L s = l 

N, y:i 

^nn n (*(F/-wa)(^+('^(^-"ia-i)-?^a) 


a(ma + l) 


Y 
J a7 


(C.4) 


a=l 7=1 r=ma+l 


(C.3) 
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where the x = — {rria — mb)h^ — (na — n^) for U{Nc) gauge group and reduce to zero 

for Nc = 1. By comparing the equations (3.17) and (C.4) with (C.2) and (C.3) term by term, we show 
that the general expressions of (3.17) and (3.18) are indeed reduced to (7(1) results. 
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